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INTRODUCTION 
In this paper G denotes a finite group of odd order with an involutory 
automorphism T (that is, an automorphism of order 2). The set of all 
elements that are fixed by z forms a subgroup of G and we denote it by H. 
It is well known that if H= 1, then G is abelian. In case that H is nilpo- 
tent, J. N. Ward [6] determined the structure of G. Indeed he proved that 
G(‘) is nilpotent, where r is the derived length of H and G(‘) is the rth 
member of the derived series of G (see also L. KovaCs and G. E. Wall [3] 
and A. 0. Asar Cl]). However, in those papers [l, 3, 63, the solvability of 
G had been a consequence of the Feit-Thompson theorem. This is often 
the case, whenever one wishes to show the solvability of G under any 
assumption on H, he cannot help applying the Feit-Thompson theorem. 
The purpose of this paper is to improve such a situation by giving the 
direct proof of the following theorem. 
THEOREM. Let G be a finite group of odd order and let z be an involutory 
automorphism of G. Suppose that. H is nilpotent. Then G is solvable. 
The fundamentals on finite groups with an automorphism of relatively 
prime order, as is stated in [2, Theorem 6.2.21, are assumed throughout 
the paper. Our notation is standard [2, 51. 
The author thanks Professor George Glauberman and the referee for 
their helpful advice. 
* This research was partially supported by Grant-in Aid for Scientific Research (62540047 
and 63540043), Ministry of education. 
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PRELIMINARIES 
We note that H is not necessarily nilpotent in this section. In the 
following we put 
X= {g-‘g’IgEG), xy= (XYIXEX}, 
where y is an element of G and xy = y - ‘xy. We should remark that X coin- 
cides with the set of all elements of G that are inverted by z. 
LEMMA 1 [2, Lemma 10.4.11. The following hold. 
(i) G=HX=XH, HnX= 1, and 1X1= IG: HI. 
(ii) Two elements of X conjugate in G are conjugate by an element 
of H. 
(iii) If K is a subgroup of H, then No(K) = Co(K) N,(K). 
LEMMA 2 [6, Corollary 2). Suppose a subgroup K of G contains H, then 
K is z-invariant. 
LEMMA 3. Suppose H is a Hall subgroup of G, then X is the abelian 
normal complement of H in G. 
Proof: See [4, Corollary 3.51, or [6, Theorem 41. 
LEMMA 4. Suppose H does not contain a Sylow q-subgroup of G. Then 
C,(T) n X contains a non-identity element for any q-subgroup T of H. 
Proof. By the assumption, q divides IG : HI = 1x1. Hence q does not 
divide JX- ( 1 } 1. On the other hand, T acts on X - { 1 > by conjugation. 
Therefore T fixes at least one element. This proves the lemma. 
LEMMA 5. G = HXg for any element g of G. Consequently H” n X" = 1 
for any two elements u, v of G. 
Proof Let z = gP ‘g’. Then, for all y E G, 
y-ly’z-‘=y-ly’(g-l)‘g=g-l(gy-l)(yg-l)’gExg. 
This implies Xz-’ = Xg. Hence we get G = Gz-’ = HXz-’ = HXg. Next put 
g=vu -‘. Then H n Xg = 1 by the preceding result, and it follows that 
H” n P = 1. Thus Lemma 5 is proved. 
Remark. It is shown in the proof of Lemma 5 that the product of two 
elements of X is conjugate to some element of X. 
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LEMMA 6. Regard l2 = { Hglg E G} as a right G-set. Suppose w is 
conjugate to an element of X. Then each orbit of (w ) on Q has length 1 WI. 
Proof: By the assumption, WE Xg for some gE G. Then (w) is con- 
tained in Xg. Therefore by Lemma 5, (w) n HY = 1 for any element y of 
G. It follows that (w) acts semiregularly on Sz as a permutation group. 
This implies the lemma. 
LEMMA 7. Let K = HQ be a subgroup of G, where Q is a Sylow q-sub- 
group of G. Put Y = X n K. Then K contains all conjugates of Y in G. 
Proof By Lemma 2, K is r-invariant. Hence we may assume that Q is 
a r-invariant Sylow q-subgroup of G. Considering I YI = IK: HI = 
IQ: Q n HI, we conclude that Y = Q n X= Q n Y. We note here that Y is 
H-invariant. 
Now let w  be any q-element of X. Since (w) is r-invariant q-subgroup, 
( w)~ is contained in Q by some element h of H. On the other hand, X is 
H-invariant. Therefore wheXn Q. Consequently, why Y. Hence we get 
w  E Y. Thus every q-element of X is contained in Y. This implies that Y is 
the set of all q-elements in X. 
Next let g be any element of G and set S = K n Xg. Then by Lemma 6, 
each element of S has an order which divides ) K : HI, hence it must be a 
q-element. On the other hand, the number of q-elements in Xg coincides 
with 1 YI. Considering 1 Y( = ISI, we conclude that S is the set of all q- 
elements of Xg, which implies YR = S. Thus Yg is contained in K for any 
element g of G. This completes the proof. 
FR~~F OF THE THEOKEM 
Suppose the theorem is false and let G be a minimal counter example to 
the theorem. Then G is non-abelian and simple. We shall get a contra- 
diction through several steps. 
In the following, let H = H, x H, x . .. x H, be the direct decomposition 
of H into Sylow subgroups, where pi is a prime divisor of IHI and Hi is the 
Sylow p,-subgroup of H, i= 1, 2, . . . . s. 
(1) sz2. 
ProojI Assume s = 1. Let P, be the T-invariant Sylow pi-subgroup of G. 
Then by Lemma 3, H is not a Hall subgroup. Therefore H # P,. It follows 
that Xn P, # 1. But then putting K= P, = HP, and applying Lemma 7, we 
conclude that P, contains all conjugates of Xn P,. This contradicts the 
simplicity of G, which proves (1). 
(2) Hi is not a Sylow subgroup of G, i= 1,2, . . . . s. 
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Proof: Suppose to the contrary that Hi is a Sylow pi-subgroup of G. 
Since any two elements of H which are conjugate in G are conjugate in H, 
we can show that the image of the transfer of G into H/H’ contains 
H,H’/H’, where H’ is the commutator subgroup of H. It follows that pi 
divides IG : G’(, a contradiction. Thus (2) is proved. 
(3) There exist distinct i and j, where 1 5 i, j 5 s, such that Hi is not a 
Sylow subgroup of N,(Hj). 
Proof Suppose false. Then for each distinct i and j, Hi is a Sylow 
subgroup of N,(H,). Therefore H, x . . . x H,/H, is a Hall subgroup of 
N,(H,)/H,, hence by Lemma 3, N,(H,)/H, is pj-closed. Consequently, 
N,(Hj) is pi-closed itself. This holds for any j, 1 5 j 5 s. 
Next let A be the family of subgroups of G such that TEA if and only 
if T satisfies the following three conditions: 
(i) T is a z-invariant pi-subgroup, 
(ii) TzH,, 
(iii) NJ T) 2 H. 
It is easy to see that HI is an element of A, and it follows that A is not 
empty. Let P be a maximal element of A and let N = NJ P). 
First we show that Hi is a Sylow subgroup of N for each i 2 2. For this 
purpose, let Ti be a r-invariant Sylow pi-subgroup of N. It is evident that 
Ti contains Hi. Put S = Xn Ti n C,(H,). Then [H,, S] is contained in P, 
since P is normal in N. On the other hand, [H,, S] is a p,-subgroup 
because H, and S are contained in N&H,) and N&H,) is pi-closed. It 
follows that [H,, S] = 1, hence SC, NT,(HI). However by the assumption, 
we have NT,(H,) = Hi, which implies S = 1. Thus we conclude that Tj = Hi 
by Lemma 4. 
Applying Lemma 3, we assert N/P is p,-closed. Hence N is p,-closed. Let 
P* be the Sylow p,-subgroup of N. Then it is easy to prove that P* is also 
a member of A. By the maximality of P, we have P= P*. This implies that 
P is a Sylow p,-subgroup of G. We note that HP is a subgroup of G, since 
N,(P) contains H. Then considering P # H, and applying Lemma 7 
by putting K= HP, we conclude that K contains all conjugates of Xn K, 
contradictory to the simplicity of G. This verifies the assertion. 
By (3), there exist t and i,, i,, . . . . i, such that Hi, is not a Sylow subgroup 
of N,(H,, x H, x . . . x H,), where 1 s il, i,, . . . . i, 5 s and 2 i t 5 s. 
Let m be the maximal integer among those t’s. Then rearranging sub- 
scripts if necessary, we may assume that H, is not a Sylow subgroup of 
N,(H,xH,x ... xH,J. 
481/130/2-4 
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In the following we set 
L=N,(H,xH,x ... xH,), 
M=C,(H,xH,x ... xH,), 
N=N,(H,xH,x ... xH,). 
It should be noted here that L is a proper subgroup of G, since G is 
simple. Furthermore M is a normal subgroup of L and N is a subgroup 
of L. 
(4) L=M(H,xH,x . . . x H,,,). Consequently M contains all p,-sub- 
groups of L. 
Proof By Lemma 1 (iii), we have L = MH. On the other hand, H, and 
Hi (i > m) are contained in M. Thus the first assertion follows. Since L/M 
is a p;-group, the other assertion is immediate. 
(5) Hi is a Sylow subgroup of N for i > m. 
Proof: Suppose false. Then Hi is not a Sylow subgroup of 
N,(H, x H, x . . x H,), which contradicts the choice of m. Therefore (5) 
holds. 
(6) N is p,-closed. 
ProoJ: Let N, be a r-invariant Sylow P,-subgroup of N. Then by (5) 
and Lemma 3, we have that N,(H, x .. . x H,) is normal in N. However, 
N, is contained in A4 by (4). Therefore N, is normal in N,(H, x ... x H,), 
which implies (6). 
In the rest of this paper N, denotes the unique Sylow pi-subgroup of N 
and M, denotes a fixed z-invariant Sylow p,-subgroup of L with M, 2 N,. 
We note that Mi is contained in M. Furthermore we set U = Xn N, . 
In the following we shall show that all conjugates of U are contained in 
L. For this purpose choose an element g of G arbitrarily and fix it. We shall 
prove Ug 5 L. 
In the sequel we use the notation 9 to denote g- ‘rg in the semidirect 
product G(z). Since each element of Xg generates a cg-invariant subgroup, 
Xg n L generates a +-invariant subgroup ( Xg n L ) of L. Let R be a 
tg-invariant Sylow pi-subgroup of (Xg n L). 
(7) U is H-invariant and Uf (l}. 
ProojI Since N, is normal in N and H is contained in N, U = Xn N, is 
H-invariant and HI s M,. On the other hand, H, is not a Sylow subgroup 
of N&H, x . . . x H,). It follows that NT,(H,) $z! H,, where T, is a Sylow 
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subgroup of N,(H, x . . . x H,) which contains H,. Therefore N, 2 H,, 
which implies (7). 
(8) Whenever P is a z-invariant Sylow p,-subgroup of L, Xn P' 
contains U. 
Proof: Since U 5 N, and N, 5 M,, M1 contains U. Next put P = M:, 
h E H. Then P contains U’. On the other hand, U is H-invariant. It follows 
that Pg U, which proves (8). 
(9) .IRnXgl = lM,nXl. 
Proof: Let 1 L n XI =pT . d, where p1 and d are relatively prime. Then 
an easy argument shows that IPn XI =p;I for any r-invariant Sylow 
pi-subgroup P of L. Hence we have IM, n XI =py . On the other hand, 
since lLnXg[ =lLnXI by Lemma 5 (since HsL) and (LnXg)= 
(Hgn(LnXg))(LnXg), we conclude that lQnXgl=p;I for any 
zg-invariant Sylow p,-subgroup Q of (L n Xg). It follows that 
(RnXgl =py. Thus (9) is obtained. 
(10) R is contained in Lg. 
Proof By (4), R is conained in M. Hence C,(R) contains 
H,x ..'xH,,,. On the other hand, since C,(R) is +-invariant, we get 
C,(R) = (Hgn CG(R))(Xgn C,(R)) by Lemma 1 (i). Then by virtue of 
Lemma 5, (H, x f '. x H,,,) n Xg = 1. Considering the order of each Sylow 
pi-subgroup of C,(R) for i = 2, . . . . m, we conclude that 1 H, x . . . x H,,, 1 
divides I Hg n C,(R)I. This implies that Hg n C,(R) 2 (H, x . . . x H,Jg. It 
follows that C&H, x . . . x H,Jg contains R. Thus (10) is obtained. 
(11) UPSL. 
ProoJ Let R* be a rg-invariant Sylow p,-subgroup of Lg with R* 2 R. 
Since IR*nXgJ=IMlnXI=IRnXgl, we assert that R*nXg=RnXg. 
However, applying (8) to Lg, we conclude that R* n Xg contains Ug. 
Hence we have R n Xg 2 Ug. This implies that L 1 R 2 Ug, which proves 
(11). 
The final contradiction is immediate from (11). This completes the proof 
of the theorem. 
ADDENDUM 
The theorem provides an alternative proof of the solvability of groups 
admitting a fixed point free group of automorphisms of order four (see [2, 
Chap. lo] ). 
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